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1 Introduction

The popular press often blames speculative activity in financial markets for impairing the real econ-
omy. Often times this accusation is accompanied by the suggestion that short horizon speculation
also impacts the real economy. For example, institutional investors have recently begun to add
commodity investments using futures as an alternative asset class. However, little theoretical work
on this issue exists. In this paper, we develop new insights into how the real economy might interact
with financial market activity.

An essential ingredient to generate trade is investor heterogeneity. Otherwise, if all investors are
identical, prices which clear markets will imply no trade. Dumas (1989) models how heterogeneity
in risk aversion affects equilibrium production decisions. To generate trade in our model, we assume
investors have heterogeneous beliefs and time preferences. These sources of heterogeneity allow us
to trace the impacts of short term versus long term speculative motives on the real economy and
asset prices.

A large and growing literature has examined the effects of belief heterogeneity on asset prices.!
in a pure exchange economy. However, these studies have fixed aggregate supply of consumption
in each state and time. Therefore, this existing literature has characterized the effect of belief
heterogeneity on discount rates.

However, the question of how production plans might be altered in response to these changes
in discount rates has been less studied. Some literature on belief heterogeneity which does include
productive decisions uses investors whose preferences are the sum of identically discounted expected
logarithm of consumption at each date, see for example Detemple and Murthy (1994). When
adjustment costs are not present, this is a limitation because these preferences will always choose
the same production plans regardless of their beliefs. So for this special case, belief heterogeneity

does not affect the real productive decisions. Detemple and Murthy (1994), Panageas (2005),

!See, for example, Zapatero (1998), Bhamra and Uppal (2014), Cvitani¢, Jouini, Malamud and Napp (2011), Li
(2007), Li (2013), Li and Muzere (2010), Yan (2008), and Loewenstein (2013)



and Baker, Hollifield and Osambela (2015) study heterogeneous beliefs in a production economy.
However, in these papers, investors disagree about aggregate fundamentals. An important question
then arises: what if investors agree on the aggregate fundamentals but disagree about events which
do not affect fundamentals.

In this paper, we build a tractable model with investors who disagree about productivity growth
or events which might not affect productivity at all, i.e. “sunspots” or some government policy
which does not have any effect on real productivity growth. The model includes costs of capital
adjustment so that as special subcases we can look at production technologies for which adjustment
to the capital stock is irreversible, costless, or impossible.?

Agents are assumed to have the same coefficient of relative risk aversion and possibly hetero-
geneous time discount parameters. The productive technology is a linear production technology as
in the Cox, Ingersoll and Ross (1985) with linear adjustment costs. We examine how heterogeneity
of beliefs affect productive decisions and equilibrium asset prices.

We examine two forms of the financial market, one in which only trade in real risks is allowed
and one in which trade in both types of risks are allowed. Arguably, some financial activity seems to
involve trade in risks which do not directly affect real productivity. For example gold is generally
considered a store of value but does not play much of a role as a productive input. A neutral
monetary policy in which speculators disagree about the rate of money supply growth as in Xiong
and Yan (2010) might also be a source of speculation in risks of this sort. More extreme examples
might be speculation on tulip bulb prices or sports betting. While the issue of trade in extraneous
risk has been analyzed in Basak (2000) and Xiong and Yan (2010), these have been in a pure
exchange setting. How trade in these risks affect real productive decisions has yet to be considered.

Our model shows belief heterogeneity does affect real productive decisions, even when investors
agree on productivity growth but disagree on extraneous events. Belief heterogeneity generally

raises investment in productive technology when speculators have a coefficient of relative risk aver-

2In addition, the last two cases provide two polar extremes for which we can compare the current literature dealing
with fixed aggregate consumption to a model in which productive activity responds to changes in the discount rates.



sion less than one and lowers investment in the productive technology when speculators have a
coefficient of relative risk aversion greater than one. Trade in extraneous risk further reinforces this
effect. This effect is driven by the response of speculators optimal consumption/investment plans
to their perceived future investment opportunity set. When the coefficient of relative risk aversion
is greater than one, speculators generally increase current consumption when they perceive better
future investment opportunities. Therefore, on aggregate, investment in the productive technology
will decrease. On the other hand, when the coefficient of relative risk aversion is less than one, the
effects are reversed, that is financial market activity will increase aggregate investment in the pro-
ductive technology. For example, our model shows that when the coefficient of relative risk aversion
is greater than one, even though each investor would choose to invest in the productive technology
in autarky, the presence of the financial market can imply that the equilibrium production choice
will involve depleting capital to consume even in the presence of adjustment costs. Trade in ex-
traneous risk makes this more pronounced. In this sense, the financial market can “compete” with
the productive sector. However, when the coefficient of relative risk aversion is less than one, the
effects are reversed and trade in the financial market can raise investment above level which each
speculator would choose if they controlled the firm and there was no trade.

One of the surprising findings of our analysis is that these effects on output can be quite large
even when one type of speculators dominates the wealth distribution. While speculators who have
different beliefs do not have much wealth, their demand for consumption in states the more wealthy
speculators view as more or less unlikely affect state prices. Unlike the pure exchange economy,
where quantities are fixed, optimal production depends on state prices. For example, the coeflicient
of relative risk aversion is greater than one, lower prices of future consumption will tend to raise
demand for current consumption. Fixing quantities, this implies the price of current consumption
must go up in order to clear markets. However, when quantities adjust, production will respond to
provide more current consumption.

Our specification of the adjustment costs implies there can be regions of capital depletion, no



adjustment, and capital accumulation. In the regions of capital accumulation and capital depletion,
we show the optimal consumption is a weighted average of the (possibly infeasible) optimal linear
scale speculators would choose in those regions in autarky plus an adjustment term. This adjust-
ment term is zero when the only source of heterogeneity is in time discount parameters. When
investors have heterogeneous beliefs, the adjustment term is strictly positive when the coefficient
of relative risk aversion is greater than one and strictly negative when the coefficient of relative
risk aversion is less than one. When speculators agree on fundamental risk but disagree about
extraneous risks, they would choose the same linear scale in each region. In this case, the effect of
disagreement is unambiguous.

The behavior of asset prices is dramatically different in the no-adjustment region than in the
other regions. In the no-adjustment region, asset prices look like those in a pure exchange economy
and productive decisions do not respond to changes in these prices. However, the behavior of asset
prices in the capital accumulation and depletion regions differs because the productive decisions
respond to changes in financial markets. In particular, when trade in extraneous risk is allowed, in
the accumulation and depletion regions, the value of aggregate production only reflects fundamental
risk while in the no-adjustment region this value can reflect extraneous risks. The riskless rate in
the capital accumulation and depletion regions is a weighted average of the riskless rates that would
prevail in that region for each speculator in autarky when consumption is given by the choice of
optimal linear scale. In the no-adjustment region, the riskless rate is a weighted average of the
riskless rates for pure exchange economies populated by homogeneous investors plus an adjustment
term. Similarly, we show that in the no-adjustment region, the output-price ratio is a weighted
average of the output-price ratios in pure exchange economies with homogeneous investors plus an
adjustment term. In both cases, the adjustment term is present only when there is disagreement
and has an unambiguous sign depending on whether the coefficient of relative risk aversion is greater
or less than one. In the capital accumulation and depletion regions the output-price ratio is trivially

a weighted average of the output-price ratios in those regions for each speculator in autarky.



When we consider irreversible investments, when the coefficient of relative risk aversion is less
than one, we find that even though no individual would want to accumulate capital in autarky, in
equilibrium, the firm optimally can choose to accumulate capital despite the irreversibility. Trade
in extraneous risk makes this possibility more likely. This finding provides new insight into how
financial market activity might be associated with the recent boom and bust in the construction
industry.® Because investors see attractive future investment opportunities, they choose to consume
less and save more. Fixing aggregate supplies, discount rates go down the and price-output ratio
goes up until at some point capital accumulation for future consumption becomes more attractive.
This suggests an important feedback effect between financial market activity—especially purely
speculative activity—and the real economy.

The paper is organized as follows. Section 2 of the paper describes the basic elements of our
model. Section 3 characterizes the optimal production and asset prices in equilibrium. Section
4 provides comparative statics and illustrations of how speculative activity can affect the real
economy, Section 5 applies our model to explain the observed boom-and-bust cycles observed in

the US housing market, and Section 6 concludes. All proofs are in the appendix.

2 The Model

We consider a model of two groups of investors ¢ = 1,2. Each group has a probability space
(92, F, P*) which will be described later. Heterogeneous beliefs are captured by the fact that the
probability measure P? is different across these groups of investors. We also allow for a hetero-

geneous time preference parameter p;. Investors in our model have preferences over consumption

A 00 c-lt_7
E / e Pt _qt| (2.1)
0 -~

3Cheng, Raina and Xiong (2014) find that beliefs play a major role in the recent housing market boom and bust.
Glaeser (2013) and Burnside, Eichenbaum and Rebelo (2015) use heterogeneous beliefs to explain the booms and
busts in housing markets. The boom-and-bust cycles are also widely observed in other markets, for example the
so-called “tech bubble” of stock market in the late 1990s and commodity price boom/bust in 2008, which is also
attributed to heterogeneous beliefs by Singleton (2014).

plans given by




where v is the coefficient of relative risk aversion. We assume 0 < v < 1 or v > 1.

Uncertainty in our model is generated by two independent Brownian motions B; and B,. For
concreteness we assume that these Brownian motions are defined on (€2, F, P!) and we take the
filtration to be the filtration generated these Brownian motions augmented by the P! null sets.
Given capital stock K3, the productive technology generates a continuous stream of consumption
good at an annual rate of

QA Ky, (2.2)

where « > 0 is a constant, and A;, a conversion factor between capital and consumption good, is

a geometric Brownian motion which follows (under agent 1’s beliefs)

dA; = ,LLAtdt + o0 A;dB;. (23)

Beliefs for agent 2 are described by the process N, E%[z] = E'[N;x] for any = € F; for any finite ¢,
which evolves as

dN; = —BNydB;, (2.4)

where B, = nB; + \/1 — 2B, and this implies d(B, B) = ndt. Then under agent 2’s probability
measure

dA; = (u — nBo)Awdt + 0 AydB2, (2.5)

where B? = By + 15t and Bf = B ++/1— n2ft are independent Brownian motions under agent
2’s probability measure. If = 1 they disagree only about the drift of productivity. If n = 0, they
disagree on extraneous, or non-fundamental, events but agree on the drift of productivity.* For

intermediate cases they disagree about both.

4We will see that that when 7 = 0 and p; = p2, and there are no securities traded on this risk then the optimal
production plan will be the same for each agent. Introducing securities which allow trade on the extraneous risk will
change this however.



The aggregate budget constraint is®
It + ¢ < OéAth, (26)

where I}, measured in the consumption good, is the amount reinvested in capital stock and ¢; is the
consumption dividend paid to investors. In order to reinvest this consumption good into capital
stock, an linear adjustment cost must be paid. In addition, we make an assumption that the tech-
nology to convert consumption into capital or capital into consumption is linear and proportional

to A%. Therefore, the capital stock evolves according to

1
dK; = <—5Kt + It {It — aIt1{1t>0} + bItl{]t<0}}) dt, (2.7)

where § > 0 is the capital depreciation rate, a > 0 and b > 0 are marginal adjustment costs
for investment and divestment, respectively. The asymmetric marginal adjustment costs play an
important role in our model, they also help to capture realistic features of adjustment costs for
example, irreversible investment. In this case, our assumptions on the conversion of consumption
into capital implies when A; is low, then reinvested consumption goods can produce larger amounts
of capital, while if A; is high, then reinvested consumption goods produce less capital goods.

Since I; = A Ky — ¢, we have

dA Ky = Ayd Ky + Kyd Ay
1
= Ay <—5Kt + It {It - aItl{[t>0} + bItl{It<0}}> dt + Ky (At#dt + AtUdBt)

= [Ath (,u — 5) + (OéAth — Ct) (1 - CL].{aAth>Ct} + bl{ozAth<ct})] dt + AthO' dBt (28)

5This allows for free disposal; at an optimum the budget constraint will hold with equality so our further derivations
will assume this holds with equality. Under the assumption of free disposal, the production set is convex.



2.1 Financial Markets

Individual 7 is endowed with 6; shares in the firm. We assume 6y + 05 = 1. They can also
potentially trade two financial securities in zero net supply. There is also locally riskless borrowing
and lending in zero net supply. Prices in our model can be expressed in terms of consumption or
in terms of capital. Using consumption as a numeraire and letting r; be the risk-free rate, one unit

of consumption invested in the locally riskless asset will evolve according to the equation

dR; = r Rydt + RydLy, (29)

where L; in a continuous adapted finite variation process, which will play a role in equilibrium

pricing as we explain later. A dollar invested in the financial assets evolves according to the

equation
dF) = i}, F}dt + F)dL, + F} o},dZ, (2.10)
for j = 1,2, where
By
7, = (2.11)
B,
and
U%Z[U%FO]v 0'12?:[0 J%F:|' (2.12)
Let
1 1
HEt OF
HEt = , O = . (2.13)
:U'%’t U%

We will examine how allowing trade in extraneous risk affects the economy. In this case we

define state prices by letting x; = O'Z?I(HFt — 1) and

t 1 t
& = exp (/ (—rs - 2|I{S|2> ds — Ly — / n;rdzs) : (2.14)
0 0



As an alternative we will examine when trade in the extraneous risks is not possible. In this

case we define state prices by letting x; = % and
1F

& = exp (/Ot (—rs — % 2> ds — Ly — /Ot /{Sst> . (2.15)

We assume investors can pledge shares of the firm as collateral for their financial transactions®.

Investors must maintain solvency, that is the value of their financial losses cannot exceed the value

of their shares in the firm (valued in the consumption numeraire),
Wti > _eiSt)
where S; is the value of the aggregate dividend paid to the investors, that is

—El [ / §Scsds]]-"t} . (2.16)

Investors trade the two financial securities and the riskless asset, receive the dividend from the firm

and decide how much to consume. The wealth constraint for each investor can be written as
thi = <’I“tWti + ¢é(HFt — ’I“tl) + Gict — Ci,t) dt + thst + (]51150'}7 dZt, (217)

where ¢ = [¢} ; ¢ ,] is the value invested in each financial security and W§ = 0.

Simple calculations give

t
§ (W + 6'St) +/ §sCisds (2.18)
0

is a nonegative local martingale therefore

E! [/OO fsCi,stI}—t] < ft(Wf + 6;S;). (2.19)
t

5 Allowing investors to trade their shares in the financial market will not change the equilibrium because the shares
are a redundant asset. In this case we would use a nonnegative wealth constraint.



The investors problems can now be stated. Our first choice problem allows the investors to

trade in both financial securities.

Choice Problem 2.1 (Choice problem with trade in real and non-fundamental risks). Choose

consumption c;; and trading strategies, ¢} to mazimize

0o 1_'7
[Fonti
0 1—7v

subject to the dynamic wealth constraint (2.17) with the initial condition Wé =0, and the solvency

Ei

condition

Wi > —6;5;. (2.20)

Alternatively we examine the case where only the first financial security is traded so there is no

trade in the non-fundamental risk B.

Choice Problem 2.2 (Choice problem with trade in only real risk). Choose consumption c;; and

a trading strategy, il,t to mazrimize

Ei

I—y
0 L—v
subject to the dynamic wealth constraint
thi = (’I“tWti -+ ¢§,t(u}7‘t - Tt) + QiCt - Ci,t) dt + thst + d)li,to-iFdBt (221)
with the initial condition Wé =0, and the solvency condition
Wi > —6,S;. (2.22)

We can find the solution to the investors’ optimization problems by writing a static maximization

problem with a single linear budget constraint as in Cox and Huang (1989). The next proposition

10



summarizes the optimal solutions for the investors for a given production plan.

Proposition 2.1. 1. The optimal solution to Problem 2.1 is given by

1
_1 ]
e = (x1e”'G) 7 cop = (X2€p2t§[i) ; (2.23)

where & defined in Equation (2.14) and y; is the solution to
El [/ ftci,tdt:| = 9150 (2.24)
0

2. Let FP be the filtration generated by the real risk By, and suppose the production choice
¢y € FP and the state price density & € F. The optimal solution to Problem 2.2 is given by

i Ty
= pite N\ T = pth 2.2
C1t (X1€ ‘ft) €2 <X2€ E1 [Nt|-7:,gB]> ’ | )

where & defined in Equation (2.15) and x; is the solution to

E‘1 [/ gtCi,tdt:| = 9150 (2.26)
0

Proposition 2.1 gives important insight into the equilibrium with and without trade in extra-
neous risk. When there is trade in extraneous risk, then we have a standard complete market
optimization problem. When there is no trade in the extraneous risk, while markets are incom-
plete, the resulting optimization problem can be thought of as one where a fictitious market for
trade in the extraneous risk is introduced to complete the market. When the optimal production
plan does not depend on extraneous risk, & € FZ, and the asset for extraneous risk has no risk
premium, then the investor will not trade the fictitious asset so the complete market solution with

the fictitious market is in fact the solution for the incomplete market problem’. When investors

"See He and Pearson (1991) or Karatzas, Lehoczky, Shreve and Xu (1991) for formal treatments of solving
incomplete market consumption investment problems using this intuition. In our setting, the problem is much

11



disagree about extraneous risk it is impossible to introduce this second security with zero risk
premium in both investors’ probability measures so an equilibrium with the second security must

reflect disagreement about the extraneous risk.

2.2 Equilibrium

In this section we provide definitions for equilibrium. Our definitions are straightforward. Given
state prices, investors choose an optimal consumption and financial market trading plans, the

production plan maximizes the value of the output, and given these choices markets clear.

Definition 2.1 (Equilibrium with trade in real and non-fundamental risks). An equilibrium with
trade in real and non-fundamental risks consists of an adapted stochastic process & as in Equation
(2.14), feasible consumption and trading strategies c;t, ¢%, and feasible production output c; such

that

~

. Given &, the consumption processes are optimal solutions to Problem 2.1.

2. The consumption market clears: c14 + cot = cy.

3. The asset markets clear: ¢} + ¢? =0, W}l + W2 =0.

4. Production ¢; is chosen to maximize the value of the firm in Equation (2.27).

Definition 2.2 (Equilibrium with trade in only real risk). An equilibrium with trade in only real
risk consists of an adapted stochastic process & as in Equation (2.15), feasible consumption and

trading strategies c;, (blit, and feasible production output c¢; such that
1. Given &, the consumption processes are optimal solutions to Problem 2.2.
2. The consumption market clears: c14 + a4 = ¢4.

3. The asset markets clear: ¢} + ¢? =0, W} + W2 = 0.

simpler so we do not need to employ these techniques.

12



4. Production ¢; is chosen to maximize the value of the firm in Equation (2.27).

Even though investors have different beliefs about the probability of different events, they agree
on prices for payoffs contingent on these events. Therefore, given prices, they agree on the optimal
production policy for the firm regardless of whether there is trade in the non-fundamental risk. To
see this, recall Proposition 2.1 indicates when the extraneous risk is not traded and & € F? then
investors will choose consumption which does not depend on the extraneous risk. Market clearing
then implies that production cannot depend on extraneous risk as well. But this then implies

& € FP. This gives the following proposition.

Proposition 2.2. Given prices, in equilibrium both investors agree on the optimal production policy
for the firm if trade is allowed in the second financial security or if trade is not allowed in the second

financial security. The optimal production policy for the firm is to maximize

F! [ /0 - &y dt] : (2.27)

where & is given by Equation (2.14) when both financial securities are traded and & is given by

Equation (2.15) when only the first financial security is traded.

Importantly, Proposition 2.2 says that when extraneous risk is not traded, then investors will
agree that the optimal production policy should not depend on extraneous risk. Given that the
firm maximizes the expression in Equation (2.27) where ¢ is given by Equation (2.15), then the
aggregate output will not depend on extraneous risk. Given this, investors optimal consumption
will not depend on extraneous risk, and given this, investors will agree that the optimal production

should not depend on extraneous risk.

13



3 Equilibrium Production

A significant simplification of the problem is to run the production process to maximize a repre-
sentative agent’s utility of the form

> ey e
E! / e~ Pt )\ﬁ—k(l—)\)e(pl’pQﬁNtﬁ dt (3.28)
0

-7 -

for some A € [0,1]. It is convenient to define the state variable M; = e(P1=P2)t N, The dynamics of

the state variable are given by

dM; = (p1 — p2) Mydt — BM;dB;. (3.29)

We can then write the planner’s problem as follows.

Choice Problem 3.1. Choose feasible production output c¢; and an allocation cit, coy with ¢t +

Co¢ = ¢t to maximize

00 cl_'Y cl_'Y

/ et <)\1’t + (1= A) M2 ) dt] (3.30)
o 1 1

subject to the dynamics of M (3.29) and

dAK; = [Ath (,u — 5) -+ (OéAth — Ct) (1 — CLl{aAth>Ct} + bl{oeAth<ct})] dt+A;K;odB;. (331)

Proposition 3.1. Equilibrium production and consumption choices when trade is allowed in both

real and non-fundamental risks can be equivalently described by the solution to the planner prob-

1

lem 3.1 for A = Lili where x1 and x2 are as described in Proposition 2.1.
X1 X2

Alternatively, we can examine the case where individuals are not allowed to trade in both risks.

Define 7 to be the filtration generated by real risk B;. In this case we have the following result.

14



Proposition 3.2. Equilibrium production and consumption choices when trade is allowed in only

real risk can be equivalently described by the solution to the planner problem 3.1 with the additional

1

constraints c1; € ]-"tB and ca; € ]-"f where A\ = L+ where x1 and 2 are as described in

X1 X2

Proposition 2.1.

3.1 Model Solution

To characterize the equilibrium production we now solve Problem 3.1 for the case when both risks
are traded in financial markets and for the case where only real risk is traded in the financial
market. We define the value function given the initial conditions of A, K, and M and the dynamics

in equations (3.31) and (3.29) as

V(AK, M) = sup E!

{c1,t,e2,t|c1,i+cat=ct }

o0 g ey
e Pt N—" (1= NM,—= dt| . 3.32
/ (1_7 (- t1_7> ] (332

According to Proposition 3.1 this problem then characterizes the equilibrium production choice and
allocation in the economy where both real and non-fundamental risks are traded.

To characterize the value function in the economy where only the real risk is traded, we define
the value function similarly but now according to Proposition 3.2 we replace the state variable M
with the state variable E[M|F/P]. For notational convenience we can continue to refer to the state

variable M but change the dynamics to
dMy; = (p1 — p2) Medt — nBMd By, (3.33)

which now reflects the dynamics of E'[M|FP].
We begin our analysis by recording the optimal production for each investor if they own the

firm and there is no trade in financial markets. It is useful to introduce the following notation

o

Iy=p1—(1-7) (M—5—2>, Ly =ps—(1—-7) <u—5—7750—732>, (3.34)

15



and for i =1, 2,
[i—(1-yall-a) _ _Ti=(1-7)all+b)
5 b —
(1—a)y (1+b)y

(3.35)

Ciq =

We assume I'; > 0 for ¢ = 1,2. This condition is sufficient for the existence of autarky equilibria.

Proposition 3.3. Assume I'; > 0 for all i = 1,2. Then, at autarky equilibrium,

V(AK, M) ="""1 x (3.36)

where®
T Iy
hi = aEW’ 1fa§%§1+b or %S(lf'y)(l—a) (3.37)
cp r;
25 L>1+0,

for capital accumulation, no adjustment, and capital depletion, respectively. The corresponding

consumption to AK ratios are ¢;q, «, and Cip.

Proposition 3.3 tells us the solution when there is only one type of investor present in the
economy. In this case, the optimal ratio of consumption to AK is constant and the optimal choice
is obtained by maximizing the Bellman equation over each of the three possible regions. In this
case, an investor has three choices of production plan, capital accumulation, no adjustment, and
capital depletion. The maximizing choice for each region must also be feasible. For example, in the
capital accumulation region ¢i, represents the optimal ratio of consumption to AK; if it is greater
than «, then capital accumulation is feasible for investor 1. Similarly, if ¢ is smaller than « then
capital depletion is not feasible. By solving this in all three regions, investors then choose the
production (consumption) plan that is feasible because the conditions for feasibility are mutually
exclusive. These polar solutions provide the key boundary conditions for solving the general case.

Our next proposition provides some useful bounds and properties of the value function when there

8The condition (1 —~)(1 —a) < % only applies to the case with v < 1; it always satisfies for v > 1.
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is trade in the financial markets and both types of investor are present.

Proposition 3.4. The value function V(AK, M) has the form

(AK)"™

VAR, M) =

h(M).

The function h(M) is strictly increasing in M, the function h(M)/M is strictly decreasing in M,

h(M)

- 1s convez, and
-

MM (M)
0< a0 < 1. (3.38)

These properties of h(M) in Proposition 3.4 are important to understand the equilibrium of

the economy. Our next result characterizes the value function when both types of investors are

present.

Proposition 3.5. Suppose both financial securities are traded. If there is a C? function h which

satisfies the conditions of Proposition 3.4 and solves

—Ih 62M2 " P1 — P2 ,
<1 —, ted ‘a)> M)+ 5" (D) + (1_7 - 1760) MR (M)
+ ﬁ [A% +((1 - A)M)%] [(1—a)h(M)]" 7 =0 (3.39)

i the capital accumulation region,

- M, p=pr o /
<1_7+a(1+b)>h(M)+2(1_7)h(M)+<1_7 nﬁ)Mh(M)
+ ﬁ [V (= NAT] [+ RO =0 (3.40)
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i the capital depletion region, and in the no-adjustment region

_Fl 52M2 " (Pl — P2 ) /
h(M) 4+ z—h" (M) + —nBo | Mh' (M
=7 1
+ AT+ ((1— A)M)v} =0, (3.41)
lL—v
with the conditions

(1= a)h(M) < a7 A7 + (1= VM) | < (14 B)R(M). (3.42)

Boundary conditions are given by

: N . h(M)

Al/[lgo h(M) = Ahq, A}lgloo = (1 — A)ha, (3.43)

where hy and hy are given in Proposition 3.3. Then V(AK, M) = %h(M).

Proposition 3.5 characterizes the optimal production plan when investors trade both financial
assets. In contrast with the case where there is only one type of agent present, the optimal
consumption to capital ratio can vary stochastically over time. A key implication of the model
is that the nature of the optimal production plan also varies with M; it is possible that the
economy switches from capital accumulation/depletion to the phase of no adjustment, in which all
output is consumed and there is no aggregate investment or divestment. We also call the state of
no adjustment the exchange phase. The economy in our model is a combination of pure production
and pure exchange phases, which are endogenously determined in our model. The next proposition

shows the quantitative effects of speculation on optimal production.
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Proposition 3.6. The aggregate consumption is given by
1 1
A B + (1—X\) M, v
((1—a)h(Mt)) ((1—a)h(Mt))
cf=cipt ey =AK xq o (3.44)
)V (v S
(1+b)h (M) (1+b)h (M) ’
wn the capital accumulation, no adjustment, and the capital depletion regions. Furthermore, the

aggregate consumption also satisfies

Mh! (M) = Mh! (M) ~ B2MER" (M)
C* . A K « (1 - ;L(Mt)t ) cla’ + ;L(Mt)t 620’ - 2')/(1i(l)h(Mt) (3 45)
t = Atfie .
Mh/ (M) = Mh! (M) - BZMZR" (M)
(1~ M) @+ i e — St

i the capital accumulation and capital depletion regions, respectively.

Proposition 3.4 shows h”(M) is negative (positive) when v < 1 (y > 1), and 0 < Ai’z;\%[) < 1.

Equation (3.45), in conjunction with the properties of h(M ), highlights the influence of disagreement
on optimal production. If both investors would choose to accumulate capital in autarky and v < 1
then in equilibrium the optimal production will accumulate capital. On the other hand, if both
investors would choose to deplete capital in autarky and v > 1 then in equilibrium the firm would
deplete capital. In general, Proposition 3.6 shows that when v < 1 heterogeneous beliefs tend to
increase equilibrium investment while if v > 1 equilibrium investment tends to decrease.

When 5 = 0, individuals have homogeneous beliefs but possibly different time preferences. In
this case we see that the optimal consumption to AK ratio, ¢f/A;K}, is a weighted average of ¢4
and ¢y, in the capital accumulation region. In this case, the optimal production must be smaller
than « to be in the capital accumulation region, but also must be between ¢, and ¢oq. If ¢14 and ¢o4
are both greater than « then the optimal production cannot involve capital accumulation. However,
if B # 0, then optimal production can involve capital accumulation when v < 1 since in this case
Proposition 3.4 implies h” (M) > 0 so the additional term can lower the optimal consumption and

raise investment.
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A similar analysis applies when v > 1. In this case Proposition 3.4 implies A" (M) < 0 so
disagreement will cause optimal consumption to AK ratio to be higher than a weighted average
of ¢1p and €9 in the capital depletion region. If ¢, and éop are both less than «, and § = 0,
then optimal production cannot involve capital depletion. However, when 5 ## 0, then optimal
consumption can be higher and capital depletion can be part of the optimal production plan.

The next proposition outlines the solution for the function A when only real risks are traded.
Trade in the non-fundamental risk either lowers the trough optimal consumption to AK ratio or
raises the peak optimal consumption to AK ratio depending on the coefficient of relative risk
aversion. Without trade in non-fundamental risks, the trough optimal consumption to AK ratio
is higher than the economy where non-fundamental risks are traded when 0 < v < 1 and the peak
optimal consumption to AK ratio is lower than the economy where non-fundamental risk is traded

when v > 1.

Proposition 3.7. When only real risks are traded, if a function h satisfies the same condi-

tions as in Proposition 3.5 except the term B2M? R (M) is replaced by 2 pM? R (M) in equa-

2(1=y) 2(1=y)
tions (3.39), (3.40), and (3.41), then the value function is V(AK, M) = (Af_);_ﬂ/h(]\/[). Optimal

consumption is again given by (3.44) and when 0 <y <1 (v > 1) the mazimal (minimal) optimal
consumption to AK ratio is always higher (lower) than that in the economy when all risks are

traded.

To understand the effects of speculation over extraneous risk, we can insert the expression

for optimal consumption in Equation (3.44) into Equations (3.39), and (3.40) only with the term

521]1/[72) R (M) is replaced by ”;ff_ﬂfy]; R"(M). This gives Equation (3.45) with 52 replaced by 7?32
Since |n| < 1 this is suggestive of the fact that trading extraneous risk will tend to have a bigger
effect on real activity. In particular, when n = 0 and # # 0, then investors agree on fundamental risk
but disagree on extraneous risk. In this case, trading extraneous risk raises equilibrium consumption

above the weighted average when v > 1 and lowers equilibrium consumption below the weighted

average when v < 1. However, when extraneous risk is not traded, then aggregate consumption
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must be equal to the weighted average.

Propositions 3.5 and 3.7 indicate that the function h is the solution to a free boundary prob-
lem. In other words, we must find the boundaries between the accumulation, no-adjustment, and
depletion regions. To solve this we need to impose smooth pasting conditions at the boundaries
between the various regions to ensure the function h is C? . This is aided by the fact that the

solution in the no-adjustment region takes a very explicit form®

R P A)x)ﬂ”
5/

h(M) = Cl—ﬂ2(¢+_¢ — da | MO+
st M -] )
+ 02+62(¢+—¢)/ —— dx | M?-  (3.46)

for constants ¢4 and ¢_ as defined in Equation (6.94) in the appendix.

Proposition 3.8. The function h(M) in the pure exchange region is given by Equation 3.46. Given
C? candidate solutions outside of the pure exchange region, if C1, Cy and the boundaries are chosen

s0 that the value and derivative match at the boundaries, the resulting function is C?.

In order to solve the free boundary problem, we employ a variation of the “shooting” method
in which a boundary value problem is transformed into an initial value problem. The basic idea
is that we know the boundary values for limp;_0 h(M) and limpy/—, o0 % For concreteness, let
us assume that when M = 0 we are in the capital accumulation region, in other words investor 1
in autarky would run the firm to accumulate capital. We start very near M = 0 and prescribe an
initial value for h'(M). We then numerically solve (3.39) with these initial conditions. We then
travel along this solution until (3.42) holds with equality. At this point we solve for C; and Cy in
our expression for the value function in the no-adjustment region so that this expression matches
the value of our numerical solution and so that the derivatives also match. We then travel along

this solution until the one of the boundary conditions (3.42) are violated. This then gives us initial

9A brief proof is provided in the proof of Proposition 3.5. This expression also leads to a closed form expression
(see Proposition 4.1) for the value of the aggregate endowment in a pure exchange economy. This, and much more,
is analyzed in Lee, Li and Loewenstein (2015).
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conditions at this point to solve either (3.39) or (3.40) depending on which boundary condition is
violated. We then travel along this solution and continue in this manner until we reach a very large
value of M. At this point we then compare the value of % for our constructed solution to the
known value we are trying to match. We then repeat this procedure by varying the initial condition
for h/(M) until we satisfy the boundary condition for very large M. By construction, the smooth
pasting and value matching conditions hold at the boundaries of the adjustment regions and the
no-adjustment regions.

The nature of the optimal consumption helps determine where the optimal boundaries are
located. From Proposition 3.6, we know that if both investors would choose to invest capital in
autarky and « < 1 then in equilibrium, the firm would invest capital. Similarly, if v > 1 and both
speculators would choose to deplete in autarky, then in equilibrium, the firm would always deplete.
The cases which involve capital accumulation, no-adjustment, and capital depletion can arise when
the optimal consumption to capital ratio in autarky is to accumulate capital for one speculator and
to deplete capital in autarky for the other speculator. However, this is not necessary. Interestingly,
when v < 1 if both investors would choose to deplete capital, it is possible for the equilibrium
production choice to involve no-adjustment and/or capital investment. In this case we look for
4 possible boundaries: the first boundary between the capital depletion and the no adjustment
region, the first boundary between the no-adjustment region and the capital accumulation region,
the second boundary between the capital accumulation and the capital adjustment region, and
the second boundary between the no-adjustment region and the capital depletion region. Similarly,
when « > 1 if both investors would choose to deplete capital in autarky, the equilibrium production
choice could involve no adjustment and/or capital accumulation, and again we would look for four

possible boundaries.
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3.2 Asset Prices

In equilibrium, optimality requires

1
o, = & (3.47)

While the value function V (AK, M) is C? in M, consumption as a function of M is not differentiable
at the boundary points where the economy switches between productive and pure exchange regions.
This occurs because the adjustment cost function is not differentiable. Therefore, one of the
interesting features of this model with linear adjustment costs is that the rate of interest may

not exist. That is, the value of a one unit of consumption invested in riskless lending is given by

t
R; = exp </ reds + Lt) , (3.48)
0

where L; is a measurable, adapted, continuous finite variation process which is singular with respect
to Lesbesgue measure, meaning it increases or decreases only on a Lesbesgue measure zero set of
points. The presence of L; is due to non-smoothness of consumption in the state variable M at
the boundaries of the no-adjustment region. The function L; only increases or decreases at these
points depending on whether ¢ (AK, M) is a concave or convex function of M. To see this, we
use the generalized Ito formula for convex, not necessarily differentiable, functions (Karatzas and
Shreve (1991) Theorem 3.7.1 ) to expand ¢ +(AK, M) and match coefficients for the Ito expansion
for & to solve for Ly, ¢, and ky.

The interest rate, when it exists, is the expected growth rate of marginal utility of consumption.
In the adjustment regions, marginal utility of consumption is proportional to the marginal utility of
capital (AK)~7h(M). In the no-adjustment region, marginal utility of consumption is proportional
to (aAK)™7 AT+ (L=XN)M)~ ", While consumption is continuous in M, it is not differentiable
at the boundaries of a no-exchange region. In the interior of the adjustment regions and the

no-adjustment region, the expected growth rate is found using Ito’s lemma. However, at the

boundaries, consumption is not smooth in M and the process L; accounts for this. Practically
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speaking, to measure the r, and L; processes one would need to observe a continuous path of the
investment in the locally riskless asset; these processes cannot be identified with discrete data.
However, the following proposition suggests investments in the locally riskless asset will have very

different properties across the different phases of the economy.

Proposition 3.9. When trade is allowed in both financial securities, the state price density (under

P1) is given by
e PP (ALK TYR(My) (1 — a) /(ci o)
& =1 el (adK) [A% + (1= NM)T] " (ete)
e P (ALK TYR(My) (1 +b) /(¢ 9) ™7

and the interest rate is given by

1 1 1
AT 7 (A=NM)Y - 1 1 (A(1=\) M) 7 9
_ + +1(1
Ll TN I A ST PRt A 2( v) ()\”lY—i-((l—)\)Mt)"lY)QIB (3.49)

a(1+b)+u—5—’ya2—nﬂa%,

for the regions of capital accumulation, no adjustment, and capital depletion, respectively, where

1
fo= k(= 6) = 5yl + )0

1
Fy = pz+7(u—5—n50)—§7(1+7)02-

The interest rate does not exist at the transition points between regions of capital accumulation and
no adjustment, and capital depletion and no adjustment.

When trade in only real risk is allowed the expressions above still apply with B? replaced by
U
Proposition 3.9 indicates that asset prices behave differently in the accumulation and depletion

phases than in the exchange phase. To better understand this, we first consider the behavior of

24



the interest rate. For example, when investors have identical beliefs, the equilibrium interest rate

in the accumulation phase is given by

all—a)+p—86—~02 a(l—a)+p—nbo—6—~o?

if they both have investor 1’s beliefs or if they both have investor 2’s beliefs, respectively. Notice
that these do not depend on the time discount rate. In equilibrium with investors with both types
of beliefs, the interest rate in the accumulation phase is a weighted average these interest rates with

the weights
_Mh’(M) MR (M)

Yo Thon

which are between 0 and 1 as discussed earlier.

In exchange phase, the interest rate when all investors have the same time preferences and
beliefs as investor ¢ is 7, given in Proposition 3.9. In contrast with the rates in the production
regions, this does depend on the time preference. In equilibrium with both types of investors, the
equilibrium interest rate is not simply weighted sum of all r;, but it also includes the term with 32
or n?/3%, which is positive when v > 1 and negative when v < 1. This additional term arises because
investors with v > 1 prefer to consume earlier and invest less when future investment opportunities
become more attractive, while investors with v < 1 prefer to invest more and consume later when
future investment opportunities become more attractive.

Much of the behavior of asset prices is traced to the fact that in the accumulation and depletion
regions the marginal utility of consumption is proportional to the marginal utility of capital; in the

exchange phase, this proportionality does not hold.
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Proposition 3.10. The value of aggregate consumption (or dividend) is given by

1
(1—a)x

Oé’yilh(Mt)
1 177
AT+ ((I=N) M)~

St = OéAth X (350)

1

(1+b)a?

\

for the regions of capital accumulation, no adjustment, and capital depletion, respectively. Further-

more, in the no-adjustment region

1

(3.51)

/ / 2 A2 -
S = adK, x [(l_ﬂm>r1+ﬂww _ B2 M (M)

h(M;) h(My) P2 h(My) ’

where T';, given by (3.34), is the output-price ratio in autarky in the case of no adjustment.

Proposition 3.10 indicates that the output-price ratio, %f(’f is trivially a weighted average

of the output-price ratios in an economy with homogeneous investors in the capital accumulation
and depletion regions. In the no-adjustment region the output-price ratio is a weighted average of
output-price ratios from a pure exchange economies with homogeneous investors plus an adjustment
term. The adjustment term is non-zero when investors disagree and is strictly negative for v < 1
and strictly positive for v > 1. When v < 1 (v > 1), it is possible for the output-price ratio to
be lower (higher) than the minimum output-price ratio in the single agent economies,min{I'y, I's}
(max{I'1, I'y}), if the adjustment term for disagreement is large enough. The price-output ratio

satisfies

S, M b (M) MW (M) 171
aAth>(<)K1_ R(M) >Fl+ WM

for v < 1 (v > 1) in the no-adjustment region. When speculators have the same time discount rate
and agree on the fundamental risk, the impact of speculation on asset price is unambiguous in the

no-adjustment region; the price-output ratio is always higher (lower) than I'j = I'y when v < 1

(v>1).
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The price-output ratio is 1/(1—a)a > 1/a for capital accumulation region and 1/(1+b)a < 1/«
for capital depletion region. However, this ratio becomes stochastic in the region of no adjustment,
in which the economy becomes a pure exchange one. When the economy in the exchange phase, real
investment does not respond to financial markets, so asset prices behave quite differently than in
the accumulation and depletion regions. In particular, the stock price can be depend on the extra-
neous risk when the financial market trades both financial assets. For the accumulation/depletion
phase, speculation does not directly impact this ratio, but does impact aggregate consumption and
investment. The investment/divestment channel is optimally shutdown in the exchange phase, and
thus heterogeneity between investors is fully reflected in asset prices and the interest rate.

When extraneous risk is traded, it affects the equilibrium through the dynamics of M;. Since
Sy does not depend on M; in the production phase, the value of aggregate consumption does not
depend on extraneous risk, however, it does depend on the extraneous risk in the exchange phase.
Thus, the market value of aggregate consumption may have a lower correlation with fundamentals

when investors have a large disagreement on extraneous risk.

4 Comparative Statics

We now explore the quantitative features of the model through numerical examples. In the nu-
merical examples which follow, we consider two values of relative risk aversion; 3 = v > 1 and
0.3 = v < 1. For both of these choices, we fix the beliefs of investor 1 and let 8 = —1. This
means that when 1 = 1 investor 2 estimates the cash flow growth to be one standard deviation of
fundamental risk (o) higher than investor 1. We will vary n to get different mixes of disagreement
on fundamental and extraneous risk. When 1 = 0 both investors agree on the drift of the cash flows
but have disagreement on extraneous risk. We examine the cases where 7 is positive which means
that investor 1 is relatively pessimistic and investor 2 is relatively optimistic about the fundamental
risk. For most of our analysis we assume the investors have the same time preference parameter

p1 = po = 0.05. For the fundamental parameters, we choose o = 0.05, u — 9 = —0.02, o = 0.03 and
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D=

4.1 Aggregate Consumption and Investment when Both Financial Securities

Are Traded

In this section, we assume both financial securities are traded and explore the effect of this on
the optimal production in equilibrium. In Figure 1, we set v = 3 and plot the ratio of aggregate
consumption to AK versus the logarithm of M for different values of 1. Consistent with Proposi-
tion 3.6 we see that heterogeneity of beliefs tends to raise aggregate consumption and thus decrease
aggregate investment.

The top graph of Figure 1 displays the case where nn = 0, that is investors agree on the funda-
mentals but disagree on extraneous risk. In this case, the limit as M approaches infinity and as
M approaches zero are the same because in isolation (or when extraneous risk is not traded) each
investor would choose the same production plan and consume approximately 0.036AK. In this
case, both investors would choose to accumulate capital since 0.036 < 0.05 = «. However, when
both investors are present in equilibrium and aggregate risk is traded, aggregate consumption can
be much higher than this level, and hence the aggregate investment is much lower. This indicates
that speculation over extraneous risk can have large effects on the real side of the economy. It
is also important to note that this effect is present even when one group of investors is relatively
small; the aggregate consumption is above 0.04AK for e™® < M < é°.

When n > 0, investors disagree on the fundamental risk. Graphs 2 to 4 in Figure 1 plot the
optimal consumption for different values of 1. As 7 increases, investor 2 becomes more optimistic
about the fundamental risk, thus, since v > 1 in autarky he would choose a production plan which
consumes more and invests less. In the second graph from the top, even though both investors
still prefer capital accumulation, the aggregate consumption ratio is higher than 0.05 = « for some
values of M, thus two no-adjustment regions emerge to bridge the regions of capital accumulation

and capital depletion. In the third graph of Figure 1, investor 2 is even more optimistic about the
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Figure 1: Aggregate Consumption to AK Ratio (7 > 1). The model parameters are set as follows:
a=0.05 pu—=56=-2% 0c=3%, pr=p>=5%,v=3,A=0.5,8=—-1,a=0.1, and b = 0.2. From top to
bottom: n =0, 0.5, 0.8, 1, respectively.

fundamental risk and he would choose a production plan with no adjustment to capital stock. In
this case, the second no-adjustment region extends all the way to the boundary and the region of
capital depletion also becomes larger. As investor 2 becomes more optimistic about the fundamental
risk, he prefers capital depletion as indicated in the fourth graph in Figure 1, in which the second
no-adjustment region vanishes and the magnitude of the depletion ratio is more pronounced.

We repeat the previous numerical exercises for the case of v < 1 in Figure 2. A key difference
is that the optimistic investors in autarky would run the firm to accumulate capital and consume

a lower fraction of AK in general. According to Proposition 3.6 we should expect speculation to
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lower consumption, which is the case in Figure 2.
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Figure 2: Aggregate Consumption to AK Ratio (7 < 1). The model parameters are set as follows:
a=005 pu—0=-2%,0=3%, p1 =p2=5%,v=03, A=05,8=—1,a=0.1, and b = 0.2. From top
to bottom: 1 = 0, 0.5, 1, respectively.

When investors only disagree on extraneous risk, the production plan investors would choose
in autarky (or in the case where extraneous risk is not traded) depletes capital and consumes at
a higher rate than « as shown in the top graph of Figure 2. However, speculation changes the
nature of the optimal consumption/investment policy. When both financial securities are traded,
the optimal production plan accumulates capital when the future investment opportunity set is
most attractive, that is when M near to 1.

As investor 2 becomes more optimistic about the fundamental risk, he prefers less current
consumption (ratio), thus his investment in autarky goes from capital depletion to no adjustment
to capital accumulation as 7 increases as shown in the second and third graphs in Figure 2. However,
in equilibrium, when both financial securities are traded, consistent with Proposition 3.6 we see

that the optimal production accumulates even more capital and consumption is lower.
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In the regions of no adjustment, all output is consumed, thus, the economy is similar to a pure
exchange economy, although this phase appears endogenously. As shown in the figures, adjustment
costs make this production economy a combination of pure exchange, production with investment
in capital, and production with divestment of capital. The switches among those different types of

economy creates interesting dynamics of asset prices, which we examine next.

4.2 Asset Prices
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Figure 3: Price-Output Ratio (7 > 1). The model parameters are set as follows: a = 0.05, u— & = —2%,
oc=3%,p1=p2=5%,v=3, A=05,8=-1,a=0.1, and b = 0.2. From top to bottom: n = 0.5, 0.8, 1,
respectively.

The value of the aggregate consumption is given in Proposition 3.10. The price-output ratio,

St
aAi K

L Y for the capital accumulation region, ~—L— for the capital depletion region, and

I8 7=, (I+b)a

depends on M in the no-adjustment region. Figure 3 plots the price-output ratios that correspond
to the parameter choices in last three graphs in Figure 1 (for the parameters in the first graph of

Figure 1 the price-output ratio is just a constant since the economy always accumulates capital).
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Figure 4: Price-Output Ratio (v < 1). The model parameters are set as follows: o = 0.05, u—§ = —2%,
oc=3%,p1=p2=5%,7v=03,A=0.5,8=—1,a=0.1, and b = 0.2. From top to bottom: n =0, 0.5, 1,
respectively.

Figure 4 displays these ratios but now for the parameter choices in the three graphs in Figure
2. In the no-adjustment region speculation tends to decrease the price-output ratio when v > 1
and increase the price-output ratio when v < 1. This is consistent with Proposition 3.10, where
output-price ratio is a weighted average of the output-price ratios from pure exchange economies
with homogeneous investors plus an adjustment term. The adjustment term is negative when v < 1
and positive when v > 1.

As indicated in these figures, the price-output ratio is constant when the economy is in the invest-
ment/divestment regions. However, the price-output ratio varies with M in the no-adjustment re-
gion. Therefore, the stock price volatility only reflects fundamental risk in the investment /divestment
region but can depend on extraneous risk in the no-adjustment region. Speculation does not nec-
essarily cause the stock to be more volatile; at best this can only happen in the no-adjustment

region.
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Figure 5: Interest Rate (7 > 1). The model parameters are set as follows: o = 0.05, u — ¢ = —2%,
c=3%,pr=p2=5%,v=3,\=0.5,8=—1,a=0.1, and b = 0.2. From top to bottom: = 0.5, 0.8, 1,
respectively.

We can also see clearly the distinct of behavior of the real interest rate across the production and
exchange phases. Figure 5 plots interest rate corresponding to the case of v > 1 for the parameter
choices in the last three panels of Figure 1. First notice that interest rate is not continuous and
jumps at the transition points where the economy changes from production to exchange and wvice
versa. As shown in this example, the jump size of interest rate can be very large, which reflects
the different nature between a production and an exchange economy. When the economy in the
production phase, the interest rate is regulated since production responds to changes in the financial
market. However, in the pure exchange phase aggregate consumption does not respond to changes
in the financial market and the risk-free rate is solely determined by investors’ local intertemporal
rate of marginal substitution for consumption.

As shown in Proposition 3.9, the high interest rate in the no-adjustment region is due to the

(% term in Equation (3.49), which is positive for the case of v > 1. This term is especially strong
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when the consumption weights of investors are close to each other and the output doesn’t adjust to
the financial market. In this case because both investors perceive an attractive future investment
opportunity set; all else equal they would tend to increase consumption and the interest rate must

go up to clear markets.
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Figure 6: Interest Rate (7 < 1). The model parameters are set as follows: a = 0.05, u —§ = —2%,
oc=3%,p1=p2=5%,7v=03,A=0.5,8=—-1,a=0.1, and b = 0.2. From top to bottom: n =0, 0.5, 1,
respectively.

Figure 6 plots the interest rate when v < 1 for the parameter choices in Figure 2. In this case,
the 52 term in Equation (3.49) has a negative impact on the equilibrium interest rate, thus, interest
rate can be very low, or even negative, as in the first two panels in Figure 6.

Notice in Figure 6 as 7 increases from 0 to 1, the real interest rate in an economy with only
investor 2 also increases. Changes in 7 also affect the transition points between the production and
exchange phases. The equilibrium interest rate behaves differently in the exchange phase, especially
when the consumption weights for investors are close to each other in the exchange region. In this

case, both investors have plenty of wealth to exploit the profitable future investment opportunities.
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4.3 Extraneous Risk Is Not Tradable

When only the first financial security is traded, extraneous risk is essentially not traded. To
illustrate the effects of extraneous risk, we repeat the previous numerical exercises in this case.
When 1 = 0 and investors disagree only about extraneous risk, then when this risk is not traded,
the optimal production is to produce according to the way each investor would run the firm in
autarky. Therefore in the first graph in Figure 1 the firm would always accumulate capital and pay
out 0.036 AK to its owners assuming extraneous risk is not traded in the financial market. In the
first graph in Figure 2 the same analysis applies only now the firm would deplete capital and pay
0.061AK to the owners. Immediately we see the dramatic difference in production that trade in

extraneous risk can create.
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Figure 7: Extraneous Risk Is Not Tradable (v > 1). The model parameters are set as follows: o = 0.05,
w—0=-2%,0=3%, pr=p2=5%,7v=3, =05 8=-1,a=0.1,0=0.2, and n = 0.5.

We now examine cases where there is a mix of disagreement over both fundamental and extra-
neous risk. The case when v > 1 is presented in Figure 7 where we plot the ratio of consumption to
AK and the interest rate versus the logarithm of M for n = 0.5. In this case, the economy is always
in the capital accumulation phase and the effects of disagreement are quite muted compared to the
case where extraneous risk is traded. When the extraneous risk is traded, the phases of exchange
and capital depletion appear as shown in the second panel of Figure 1. The impacts of speculation
on extraneous risk may be very substantial as shown by this example; the region that the economy
stays in the exchange and depletion phases is very large. Trading extraneous risk also affects the

behavior of asset prices profoundly as the price-output ratio is constant and interest rate is smooth
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and less variable relative to the ones presented in Figures 3 and 5.
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Figure 8: Extraneous Risk Is Not Tradable (7 < 1). The model parameters are set as follows: o = 0.05,
w—0=-2% 0c=3%, p1 =p2=5%,v=03,A=05,=—-1,7=0.5,a=0.1, and b = 0.2. From top to
bottom: aggregate consumption to AK ratio, price-output ratio, and interest rate, respectively.

Figure 8 plots aggregate consumption to AK, price-output ratio of output, and interest rate

versus the logarithm of M for the case of v < 1 when extraneous risk is not traded and n = 0.5. In

this example, investor 1 in autarky would deplete capital and investor 2 in autarky would not adjust

the capital stock. When there is trade in only fundamental risk, the production also transitions

to an exchange phase and capital accumulation phases. In this case, trade in fundamental risk

increases investment in the real economy relative to the case when there is no disagreement; this

effect is magnified when extraneous risk is also traded as shown by the second panel in Figure 2.

The effects of trading extraneous risk on asset prices is also evident when we compare the last two

panels in Figure 8 with the second panel in Figures 4 and 6, respectively.
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4.4 Heterogeneous Time Preferences

Sometimes short term speculation is blamed for impairing the real economy. One possible reason
why time preferences might vary is because intermediaries might invest on the behalf of other
investors. In this case their compensation contract might induce intermediaries to focus on shorter
horizon results. In this section we examine this possibility by introducing heterogeneous time
preferences. Lower time discount parameters will generally raise investment since investors become
more patient. However, especially when extraneous risk is traded, it is possible that the optimal
production is lower than each individual would choose in autarky when v > 1 or higher than each
investor would choose in autarky when v < 1. This is displayed in Figure 9 which examines the
optimal production versus the logarithm of M when investors only disagree about extraneous risk
and they can trade the extraneous risk. The top graph assumes that v = 0.3 and p; = 0.025 and

varies ps.
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Figure 9: The Effects of Time Preferences. The model parameters are set as follows: a = 0.05,
w—06=-2%0=3% A=05,=-1,71=0,a=0.1, and b = 0.2; top panel: v = 0.3, p; = 2.5%; bottom
panel: v =3, p1 = 5%.

In this case we see that as po increases from 0.025 to 0.05, when investor 2 is dominates the

economy, then optimal consumption increases and investment thus decreases. However, when both

investors are more equally weighted, optimal consumption decreases below that which both investors
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would choose in autarky. The bottom graph of Figure 9 displays the same information only now
for v = 3. In this case, the presence of disagreements over extraneous risk tend to work in the
same direction as increasing po so optimal consumption increases as investor 2 becomes larger and

p2 increases.

4.5 Zero Adjustment Costs

In this case, we have @ = b = 0 and &, = ¢;. Then the no-adjustment regions shrink into points'?

and the ODEs for the adjustment regions in Proposition 3.5 collapse into a single one as

—I gz, PL—p !
( ! +a)h(M)+Mh (M)+<i_72—naﬁ>Mh(M)
+ = Z,Y X7+ (1= M) | )

Il
o

with boundary conditions:

o0 =) (5=i=) - S 0 (E=ie)

This is the case in which the economy becomes a pure production one, the exchange phase only
occurs at isolated points. The transition between capital accumulation and depletion is smooth
because h now satisfies the same ODE above in both phases.

Note that the price-output ratio is always 1/a when adjustment costs are not present. Figures
10 and 11 repeat the previous numerical exercises without adjustment costs. These plots show
that trading financial assets or speculation still has significant impacts on consumption, hence
investments, and interest rate. What is interesting is that the adjustment costs do not affect the
peak or trough consumption to AK ratios much, although the regions over which these occur

narrows in the presence of adjustment costs.

'9This is not true for the case when v < 1 and min{T'1,T2} < (1 — v)a. In this case, the equilibrium should have
a no-adjustment region or involves no region of capital adjustment if max{I'1,I'2} < (1 — v)a by Proposition 3.6.
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Figure 10: No Adjustment Costs (7 > 1). The model parameters are set as follows: o = 0.05, y — § =
—2%, 0 =3%, p1 =p2 =5%,v=3,A=0.5,8=—1,a=0, and b = 0. From to to bottom: =0, = 0.5
(extraneous risk is not traded) , n = 0.5 (extraneous risk is traded), n = 1.

The impact of trading extraneous risk is also significant as we compare the second with the third
panels in both figures. However, financial markets display less dramatic behavior as the exchange
phase never shows up. This indicates that the production always adjusts to changes in financial
markets. While trade in financial markets causes dramatic changes in the consumption/investment
policy, the financial markets do not display abrupt changes in the dynamics. Contrasting the
equilibrium without adjustment costs to the one with adjustment costs highlights the significant

role played by this friction.
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Figure 11: No Adjustment Costs (7 < 1). The model parameters are set as follows: o = 0.05, y — § =
—2%, 0 = 3%, pr = p2 = 5%,y =03, A=05, 8 =—-1,a =0, and b = 0. From top to bottom: n = 0,
1 = 0.5 (extraneous risk is not traded), n = 0.5 (extraneous risk is traded), n = 1.

4.6 Infinite Adjustment Costs

When adjustment costs are infinite, both capital accumulation and depletion are not feasible. Thus,
there is no adjustment and the exchange phase is the only choice for both investors. This implies

that the boundary conditions are

pYe Tl R(M) (1—Xal™
li M)= — i = .
A (M) = =5 —, lim =7 T,

40



With these boundary conditions, ODE (3.41) admits a closed-form (integral) solution, and hence

the value function.

Proposition 4.1. When adjustment costs are infinite the value function is

1—
V(AK, M) = wh(M),
L=y
where h(M) is given by
1 177
20ir e M (=) .
00 = a5/, M

~

+

1—~ )\% 1—)\x%
20 )/M{ A do | M?, (4.52)

B (o4 — ¢ zo-H
where ¢; fori =+, — is given by equation (6.94) in the Appendiz.

In this case the economy becomes a pure exchange economy, and value of aggregate output
and the real interest rate are the same as that given previously for the region of no adjustment.
Obviously, trading financial assets with or without extraneous risk affects the equilibrium by altering

the dynamics of M.

5 Irreversibility and Housing Market Booms and Busts

Housing construction plays a major role in the economy and is an example of a largely irreversible
investment. The recent boom in housing construction followed by an almost complete halt to new
construction shows that irreversibility might play a critical role in the economy. In this section
we explore the impact of irreversibility. If the adjustment costs for capital depletion are infinite,
then investors never deplete capital, thus capital investments become irreversible. One of the
implications of irreversibility is that the exchange phase region expands if capital depletion exists

in equilibrium when investments are reversible. We reproduce the previous numerical exercises for
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n = 0.5 to illustrate the impacts of irreversible investment for v < 1.
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Figure 12: The Effects of Irreversibility (7 < 1). The model parameters are set as follows: « = 0.05,
w—0=—=2% 0c=3%, p1=p=5% 7v=03,A=05,8=-1,a=0.1,b= o0, and n = 0.5. From top to
bottom: aggregate consumption to AK ratio, interest rate, and asset price-output ratio.

Figure 12 shows how irreversibility affects consumption, the real interest rate, and the price-
output ratio. Comparing the first panel of this figure with the second panel of Figure 2, the first
capital depletion region is replaced by an exchange region due to irreversibility. Impressively, even
though neither investor would choose a production plan which would accumulate capital in autarky,
in an equilibrium with both types of investor present, the optimal production would accumulate
capital even with irreversibility. Intuitively, in the no-adjustment regions the riskless rate drops
and the value of aggregate output rises. The drop in discount rates makes investment attractive so
the equilibrium involves capital accumulation. This provides a new insight into the recent housing
crisis. Over investment might not depend directly on optimistic investors; instead, speculation
in non-fundamental risks can impact discount rates so that investment in housing is becomes

optimal, even in the presence of irreversibility. When speculation makes investment in production
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optimal, the price-output ratio reaches its highest value. When one group of speculators loses
enough wealth, investment in production halts, the interest rate jumps down, and the price-output
ratio decreases. Thus, speculation can create a boom-and-bust cycle in housing construction and
asset prices. Speculation on pure extraneous risk can also generate the boom-and-bust pattern as
illustrated in the first panel of Figure 4. In this case, speculation always makes the price-output
ratio higher than those in autarky. Interestingly, any sudden change in policy which resolves the

source of speculation would lead to collapse in asset prices and production.
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1.67 T T T T
Price-Rent Ratio

Figure 13: Historical US Housing Price and Rent Indexes: 1975-2014. Both quarterly US housing
price index (All-Transactions House Price Index for the United States) and rent index (Consumer Price
Index for All Urban Consumers: Rent of primary residence) are downloaded from FRED of St. Louis Fed.
The price-rent ratios are normalized by the ratio of the first quarter of 1975. The vertical lines in the second
panel indicate percentage increase (green) from trough to peak and decrease (red) from peak to trough.
The first panel of Figure 13 plots the quarterly US housing price index and rent index from
1975 to 2014. The boom and bust in US housing price in the 2000s are very visible. If we examine

the price-rent ratio as in the second panel of Figure 13, there are two housing price-rent ratio
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boom-and-bust cycles during this period, even though the 75-85 cycle does not have a house price
boom-and-bust pattern. The boom and bust in price-rent ratio in the 95-12 cycle are about twice
of that in the 75-85 cycle. These observed boom-and-bust patterns in housing price-rent ratios can
be explained by our model with both heterogeneous beliefs and adjustment costs if we assume that
the price-output ratio in the model roughly matches the observed price-rent ratio.'!

In the example used in Figure 12, by Equation (3.34) we have I'; = 0.064 and T's = 0.054. By
Proposition 3.10, the lowest price-output ratio is 1/I'y = 15.6, and the highest price-output ratio
is 1/(a(1 — a)) = 22.2. Thus, the highest model trough-to-peak and peak-to-trough percentages
are % = 42.3% and % = —29.7%,'2 respectively. These boom and bust sizes are
comparable to what we observed in the 95-12 cycle as indicated in Figure 13. The big bust in
the price-rent ratio around 2012 suggests that the optimistic investors did not prevail. In the
perspective of our model, this suggests that the state variable M goes as follows: starting low,
becoming relative high, and ending up low. This dynamics of M can create a boom-and-bust
cycle in that the two troughs are relatively close as we observed in the 95-12 cycle. On the other
hand, the two troughs in the 75-85 cycle are about 10% different. This asymmetry in troughs
can also be understood in our model. As shown in the last panel of Figure 12, the asymmetric
troughs are possible if the optimistic investor prevails, that is M goes from low to high, because
of 1/T'9 > 1/T';. This may be one of the key reasons that housing price did not bust even though
there was a price-rent boom and bust in the 75-85 cycle.!?

An alternative explanation to the difference between the two cycles is the role played by ex-
traneous risk that is not correlated with housing market. Under this hypothesis, the 95-12 cycle
is mostly affected by the trade in extraneous risk, thus the two troughs are close (with same time

preferences and low 7). Interestingly, we did witness a unprecedented growth in financial inno-

"We can also use the model price-dividend ratio as the observed price-rent ratio. The model price-dividend ratio
has qualitatively similar properties regarding the boom-and-bust pattern, even though it is not flat at the top.

12These numbers are much larger if we use the model price-dividend ratio as the price-rent ratio because the highest
price-dividend ratio is roughly 0.05/0.03 times the price-output ratio in the example.

130bviously, the numerical example does not match the boom and bust sizes of the 75-85 cycle. To do so, we need
to adjust the parameter values, for example, the value of (.
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vations during the early 2000s. Meanwhile, in the 75-85 cycle, the real risk played a major role,
thus, the two related troughs are different. Overall, our model with irreversibility offers reasonable

explanations for the key empirical facts that are observed in the housing market.

6 Conclusion

In this paper we examined how speculative trade based on heterogeneous beliefs can affect the real
economy. Speculative trade in financial markets can lower or raise investment in capital depending
on whether the coefficient of relative risk aversion is greater than or less than one. Interestingly,
when investment is irreversible, trade in extraneous risk can lead to higher investment even when
investors would choose not to invest when this risk is not traded. This suggests an alternative
explanation for the recent housing crisis: trade in extraneous risk affected valuations so as to make
investment in housing profitable. When this trade slowed down due to one group of investors losing
wealth, the economy reverted to a more normal state.

While any welfare comparisons in the context of the model are likely to be misleading, our
model does show that trade based speculative motives can affect real activity through changes in
valuations of cash flows. One could, in principal, use these insights to gain insight into how welfare
of various participants in the economy might be affected by these changes in real activity stemming

from trade in financial markets.
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Appendix: Proofs

Proof of Proposition 2.1 Assuming an optimal solution exists, this exercise is pretty standard but
we will provide a proof of optimality for investor 2 for the case where only real risk is traded. First
observe that ﬁt‘}—f} = exp ( — %(1 —n?)p% — B/1 — nzét) and for any feasible choice for ca;

Equation (2.21), Ito’s lemma and the solvency condition imply
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is a non-negative local martingale and by Fatou’s lemma
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where y2 > 0 is chosen to satisfy the static budget constraint (2.26) with equality. Since we can

write

W72 + 0,5, = —El [ / 55023ds|]-}] (6.56)

and ¢35, depends only on B; standard martingale representation results imply the existence of a
¢2,+ which finances the consumption plan. Then using the inequality u(c*) — u(c) > u/(¢*)(c¢* —¢)

we have
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Therefore, we have shown that ¢, is optimal choice for investor 2 when only the real risk is traded.
Showing optimality for the remaining cases is similar. O
Proof of Proposition 2.2 This follows because, given state prices, maximizing the value of the
firm expands both investors budget constraints displayed in Equation (2.19). O
Proof of Proposition 3.1 Given an equilibrium choice of production ¢ and the consumption

choices cF

., and any other feasible choice of production ¢; and an allocation ¢1; and cp; with

Clt + C2t = Ct,s
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where the first inequality follows from wu(c*) — u(c) > u/(¢*)(¢* — ¢) which is valid for concave

functions u, the following equality follows from using the optimal consumption policies in Propo-

1

sition 2.1, and the final equality comes from setting A\ = —+*+ and the fact that the optimal

X1 X2

equilibrium production maximizes the value of the firm. Therefore, the equilibrium values maxi-
mize the planner’s objective function. O

Proof of Proposition 3.2 Because Proposition 2.1 indicates that when the second financial asset
is not traded, investors will optimally choose consumption adapted to .FtB , We can restrict our
attention to c1; € ]:tB and cp; € ff . Notice that for any feasible choice of production ¢; and an

allocation c¢1; and ca¢ with ¢1 4 + ca4 = ¢; that satisfy ¢1 4 € .7-"tB and co; € .7:tB
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Using this the proof now is similar to that in Proposition 3.1. O
Proof of Proposition 3.3 This is a special case of Proposition 3.5. The conditions for the capital
accumulation, no adjustment, and capital depletion are determined by the following mutually

exclusively feasible conditions
0< Ciqg < «, Cia < 0, Cia > Qa; Cip < «, Cip > @

respectively. O
Proof of Proposition 3.4 The form of the value function follows from the homogeneity of the
problem. We first show that when 7 > 1 then h(M) is increasing. Observe that for any feasible

choice of ¢4, ca¢, and any € > 0 we have
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and taking the supremum in the last line then gives
V(AK,M) > V(AK, M +¢).

Therefore
h(M) — h(M +¢)
>
11—~ 11—

, (6.58)
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Since v > 1, h(M) is increasing. Similarly, we also have
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and taking supremum yields

MV(AK, M +¢) > (M + ¢)V(AK, M).

This equation is equivalent to

1 h(M+e 1 h(M)
1—y M+e l—y M’

and hence h(M)/M is deceasing in M. The monotonicity results for the case of v < 1 can be

proved in a similar manner.

To show hl(i\/fy) is convex in M observe for any feasible choice of ¢i; and cpy, any ¢ € [0,1],

positive M7 and Ms, we have
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Taking the supremum over feasible ¢;; and ¢y in the top line of Equation (6.60) then gives

V(AK,»M; + (1 — ) My) < OV (AK, M) + (1 — )V (AK, M,). (6.61)

Thus V is convex in M and this implies hl(f]\? is convex in M.

Finally, Equation (3.38) is a direct implication of the facts that h(M) is increasing in M and

h(M)/M is decreasing in M. O

Proof of Proposition 3.5 We want to make the process

t i s
e PV (AKy, My) + / e P18 ()\11’5’y + (1 — M) M 12’57> ds (6.62)
0 _ _

a martingale for the optimal policy and a supermartingale for an arbitrary policy.

The dynamics of AK (3.31) becomes
dA Ky = [AiK(o— aa+ = 6) — (c14 + co) (1 — a) |dt + A Kyod By, (6.63)
in the capital accumulation region,
dAKy = Ay Ky(p — 0)dt + A Kod By, (6.64)
In the no-adjustment region, and
dAK; = [Ath(a +ab+p—0)— (cip+c2p) (1+ b)}dt + Ay K;0dBy, (6.65)

in the capital depletion region. We use subscript K as the indication of taking derivatives with
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respect to AK. The supermartingale property implies

1
—pV + Vg [AK(O& —aa+p—0)—(1—a)(e + 62)] + §VKK02(AK)2

1—v 1—v

e Co
+(1-\M < .
T ( ) 1 7)_O (6.66)

1
+ §VMM/32M2 — VimmoBAKM + </\

in the capital accumulation region,

1
—pV + Vg [AK (o + ab+ 1 — 0) = (1 +b)(c1 + c2)] + §VKK02(AK)2

v 05—7
+(1—-MNM <0 (6.67
=M (6.67)

1_
o

1
+ §VMM62M2 — VknumoBAKM + </\1

in the capital depletion region, and

1 1
—pV + VKgAK (11— ) + 5VKKU2(AK)2 + §VMMB2M2 — ViunoBAK M

1

al al
+ A 1_7+(1—A)M12 <0 (6.68)

in the no-adjustment region; the martingale property implies Equations (6.66), (6.67), and (6.68)
hold with equality for an optimal choice of production.
From homogeneity, the value function is given by V(AK, M) = %h(M ). Therefore maxi-

mizing Equation (6.66), the optimal consumption is given by

o1



in the capital accumulation region. Thus, the function h satisfies

2
p1 Yo
< 1_7—1-04 aa+p—20 2>h(M)

2M2 —
-

- naﬁ> M (M)

o ) [ B

(6.70)

Substituting I'y as defined in Equation (3.34) yields the ODE for the capital accumulation region.

Similarly, in the capital depletion region, the optimal consumption is

*

o = TR, G (“‘A)M)) (AFF),

A
((1+b)h(M)> (I4+0b)h(M

and subsequently, the function h satisfies

2
P1 Yo
- b —d—— | h(M
( 177+a+a +u 2) (M)

ﬁ2M2
2(1 =)

+(1+b)<1_17—1>

In the no-adjustment region, ¢; + c2 = aAK, and the sharing rule gives

+ ' (M) + (’” _52 — 7706) MR (M)

1 1
A7 , €y =aAK (= A)M)>

A (1= AM)A A (1= M)

A = aAK

Thus, the function h satisfies

2 2772 _
( Pl +u5w>h(M)+2(ﬁljl/jry)h”(M)+<pi_52naﬁ)Mh’(M)

1—x

2=

L=~ (Ai + (1= N)M) A7+ (1= \)M)>

52

<1ib)i + (ul_ﬁzM) i] h(M)7 = 0.

aAy ) +(1—)\)M( a((l—A)M)v) L

(6.71)

(6.72)

(6.73)

(6.74)



In the no-adjustment region, the left hand side of Equation (6.66) should be smaller than that

of Equation (6.68). Thus, given any 0 < € < 1, we should have for any ¢;

(I—¢€)c;fori=1,2

Vik[AK (o — aa) — (¢1 + ¢e2)(1 —a)] + )\(il)_l;v T (1- )\)M(CQ)l—’Y

|
() ()1
<A (- NM . (6.75
U -t 61
which can be simplified to
1=
h(M)a(l — a)e < f‘_ S-a- €)) [A% F((1- A)M)ﬂ”, (6.76)
: . . 1—(1—e)t 7
where we use Equation (6.73). Thus, taking lim, .o ———"—
yields

= 1 — v by the L’Hospital’s rule
1 117
R(M)(1 = a) < o™ [A7 + (1= A)M)7]

(6.77)
Similarly, given any € > 0, we have for any ¢; = (1 +¢€)cf for i =1, 2
()™ G
Vk[AK (o + ab) — (c1 + ¢2)(1 +b)] + /\ﬁ +(1-NM T
*\1—y *\1—y
< )\(il)_ - W2 67
which can be simplified to
1=
—h(M)(a + ab)e < f‘_ . (1—(14¢") [A% F((1— A)Mﬁ]” : (6.79)
so using the L’Hospital’s rule to lim._q % = —(1 —~) yields
1 117
R(M)(1+b) > a7 [A7 +((1 - A)M)v] (6.80)

We now show V(AK,M) = %h(M) is the value function. To see this, define V; =

93



1—
efplt%h(Mt) and for the optimal choices of ¢;; and ¢z we have

* 177 * 17’}/ / R
AV, = —e—Pt (A(C“) +(1— A)Mt(cf’t)> dt +V,; ((1 — y)odB; + Bh(M)MdBt>

1—v - h(M)
= -V,—=—— 1-— B ———~—dB; | . .81
Vi K, dt+Vt<( v)odB; + 3 B (M) dBy (6.81)

From Proposition 3.4 and the form of the optimal consumption, Clj:;j’s is bounded away from

0and 0 < }LI}E(LN})M < 1. We can write
Ve C o (= [ BT %0 e /t_a—w%ﬁ+ﬁhme@_1 WM\
Vo CP\T ), Ak, )P, 2 Oy 2\ (M) s

where c is the lower bound on clj:;j’s and from the Novikov condition (Corollary 5.5.13 in Karatzas

and Shreve (1991)), N; is a martingale. Therefore lim;_,, F[V;] = 0 and

B b [ () (c5)'
V(AK,M)=FE e P I AN (1= MM | ds| + E[V}]
0 L—v I—n
=F /Ooe—ms )\M—{—(l—)\)MW ds (683)
0 1—~ T l-n S

When v < 1, define

Tp, = inf {t|

Then for an arbitrary feasible strategy the process

A ) t o ey
oot AK) h(M;) +/ e P8 [ A2 (1 — A)M,—22— | ds
L=~ 0 1—x 11—+

A K. )1—'y tATh cl_'Y cl_’Y
—prtmy (Atnr Kine, ) 70 / s (A (1 )M | d 6.85
‘ 1~ (M) + | e PO NM P ds (685)
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is a bounded nonnegative supermartingale. Therefore

> (1) M
e A (1= A M—"— | ds
A ( l—x . L—n

tATh s 1—v s 1—v A - K. . 1—v
>E {/ e P18 ()\(Cllv) +(1— /\)MS(CQ’)> ds] +E [eplt/\T”( A7 Kinra) h<Mt/\Tn):|
0

V(AK,M) = E

- - I—
t 1=y 1—y 1—y
> E [/ o P18 <)\(CLS) r(1- )\)MS(C?»S)> ds} B [eﬂlt(Ath)h(Mt)]
0 -y -y -y
< (c1,s)' 77 (co )7
>FE 1o (N2 (1 — N M~ .
> UO ’ </\ bl (-2 as] L (686)

where the first inequality follows from the supermartingale property, the second inequality follows
from Fatou’s lemma taking limits as n — oo, the third inequality follows from the monotone
convergence theorem and nonnegativity taking limits as ¢ — oo. So the strategy ¢}, and ¢3, is
optimal and V(AK, M) is the value function.

Let us now assume v > 1 and fix an initial capital stock K. Consider an arbitrary feasible

strategy c1, 2+ with resulting capital stock K;. We assume that

E[Awepﬂ(ﬁqﬂl7+u—AM@@TﬂW>ﬁ}>—m. (6.87)

1—7 -

Now suppose we start with K +¢. Then following the strategy ci; and cp ¢ until time 7 and behaving

according to our candidate optimal strategy thereafter is feasible and has capital stock K, + ee 97

at time 7. Moreover, (AT(KTT_Z—(ST))I_W h(M;) > Wh(]%r). Tedious algebra then reveals

00 ([ (1 K, KOy, 201

[ (1-7)%? W (MM, 1 (h'(M)M,\>
XeXp</o {_ 3+ et - 2 () )}ds

N /0 (1= y)odB, — /0 ' ’%ﬁd&) (6.88)
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Since 0 < h’}%\}/\[%w < 1, the second line is a martingale. Also, when v > 1 h”(M) < 0. Therefore,

AT —o6T\\1—v
tim | (Aree™™))

T—>00 1—’)’

h(M,)| = 0. (6.89)

Therefore for any strategy which is feasible starting with capital K, defining the stopping times 7,

as before we have

V(A(K +¢),M) > E [/OMT" e (A(Ci_)lpyv +(1- A)Ms(ci’s_);W) ds}

—0tATR\1—7
+ F |:e_p1t/\7'n (At/\T" (Kt/\q‘ j;e ) h(Mt/\Tn):|
tATy 1—r 1—~ A —O0tATR 11—
Z E |:/ e P18 (/\(Cl,s) + (1 _ )\)Mé(CQ,s)) d5:| + B |:€—p1t/\7'n ( tAT, €€ ) h(Mt/\‘rn):l
0 -y -~ 1=~
t 1—~v 1—v —0t\1—~
>E {/ o—PLS (A(Clas) . )\)MS(C?’S)) ds] L E [e_Plt(Atee)h(Mt):|
0 L=y L=y 1—n~
= e (e 2l ]
ZE/ 6p18<)\’—|— 1—NMy———]ds|. (6.90
[ 0 L=y ( ) I—x (6.90)

Where the first inequality follows from the supermartingale property, the second inequality comes
from taking limits as n — oo, using monotone convergence theorem and dominated convergence
theorems, and the third inequality follows from monotone convergence theorem and Equation (6.89).

Now letting € | 0 we see from continuity,

V(AK,M) = E

> E UOOO e—p1s <>\(Ci)1;7 (- A)MS(?S}:V) ds] . (6.91)

Therefore the strategy cj, and c3, is optimal and V/(AK, M) is the value function. O

Proof of Proposition 3.6 The aggregate consumption (3.44) follows from the proof of Proposi-

tion 3.5.

We can show the other expression as follows. For the capital accumulation region, dividing
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a)h(M)

Equation (3.39) by 7(1717,7 yields

Di-(-yall—a)  FMOM)  pi—pa— (L= nfe MEQOD | .
(=) 2(1 = a)h(M) - R(D T

where we use Equation (3.44) to substitute the optimal consumption. Then, the result follows for
the region of capital accumulation by recognizing the following identities:

ry-r
T1—Ty=p1—p2— (1= 7)0Bo, Cla—Coa= ——a,

(1 —a)

where T'; and ¢, are as defined in (3.34) and (3.35). The result for the region of capital depletion
follows similarly. O

Proof of Proposition 3.7 This follows immediately when we change the dynamics of the state

variable M to

dMy = (p1 — p2) Mydt — nBMdB, (6.92)

and follow the steps in Proposition 3.5. O

Proof of Proposition 3.8 Equation (6.74) can be simplified as

ﬁ2M2

Iy P1— P2 / "
—1_7h(M)+( — —nﬁa)Mh(M)+2(1_7)h (M)
al=7 o1 117
i N (L= )M) | =0, (698)

The homogeneous solutions to the ODE (6.93) are given by M®:, i = 4, — where ¢; are given by

, Y (nBo — o=t2) + g2/2 & J ((; - 1) (8o - 2222) + 2/2)" + T

where I'; is as defined in (3.34). The general solution to the ODE (6.93) is given by Equation (3.46)

with two free parameters C7 and Cs. Therefore, the general solution in the no-adjustment region

o7



is given by Equation (3.46) with the conditions (3.42).

At the free boundaries between accumulation and no-adjustment regions, the first inequality
in (3.42) holds as equality. Using this equality to substitute h(M)(1 — a) in ODE (3.39) yields
the exact same ODE (3.41). Thus, the smooth pasting conditions for h and h’ at the boundary
imply the same h”. Similar argument also works for the free boundaries between depletion and
no-adjustment regions. Thus, A is in C? for all M. 0

Proof of Proposition 3.9 By Equation (2.23) or Equation (2.25) when extraneous risk is not

allowed to trade in Proposition 2.1, we have

— =g,

(i o)

where ¢j , is the optimal consumption of investor 1 derived in the proof of Proposition 3.5. The
rest of the proposition follows using Equations (6.69), (6.71), and (6.73). O
Proof of Proposition 3.10 Let ¢} and c5 be the optimal consumption processes for each investor.

Using the fact that the allocation is Pareto optimal, the value function can be written

e PV (AKy, M) = FE

fo%) c* 1—v ck 1—v
[ e (ﬂ P T ) dsft]
t

— —

A > —p1S( % \— * *
= iE |:/ e M (Cl,s) 7(01754‘0278) d8|ft:|
Y t
A K
= efplti( ; t) h(Mt).
-7
Therefore,
1 el _ (AiKy)' Y h(My)
S, — E PLS [ * v *Vd _
= e P e e ] = BRI

and the result follows from Equations (6.69) and (6.71) for the adjustment regions, and Equation

(6.73) for the no-adjustment region. Equation (3.51) follows by substituting the expression of AS:Kt

o8



for the no-adjustment region into Equation (3.41). O
Proof of Proposition 4.1 It is straightforward to verify h(M) given by Equation (4.52) solves
ODE (3.41). Then what remains for the proof is to verify the boundary conditions. By the

L’Hospital’s rule,

1 1
1y —[AY + (1 =AM M@t
lim A(M) = —2% " lim 7+ (= VM)
M—0 B+ — ¢—) M—0 —¢ M~ (#++1)
. A+ (1= VM7 M=+ a1 ( A ) - Aol
—¢_M~(0-+1) - (b —o) N\t o/ T1
Similarly, we have
1— _ _ _ 1—
limh(M): 22(1 (1 Al A)Z(l Ao ‘
M—oo M B+ —9-)\oy —1 o —1 P
Thus, both boundary conditions are satisfied. O

29



References

Baker, S. D., B. Hollifield, and E. Osambela, 2015, “Disagreement, Speculation, and Aggregate
Investment,” Journal of Financial Economics, forthcoming.

Basak, S., 2000, “A Model of Dynamic Equilibrium Asset Pricing with Heterogeneous Beliefs and
Extraneous Risk,” Journal of Economic Dynamics and Control, 24, 63-95.

Bhamra, H. S. and R. Uppal, 2014, “Asset Prices with Heterogeneity in Preferences and Beliefs,”
Review of Financial Studies, 27, 519-580.

Burnside, C., M. Eichenbaum, and S. Rebelo, 2015, “Understanding Booms and Busts in Housing
Markets,” working paper, Northwestern University.

Cheng, I.-H., S. Raina, and W. Xiong, 2014, “Wall Street and the Housing Bubble,” American
FEconomic Review, 104, 2797-2829.

Cox, J. and C.-F. Huang, 1989, “Optimal Consumption and Portfolio Policies when Asset Prices
Follow a Diffusion Process,” Journal of Economic Theory, 49, 33-83.

Cox, J., J. Ingersoll, and S. Ross, 1985, “An Intertemporal General Equilibrium Model of Asset
Prices,” Econometrica, 53, 363—384.

Cvitanié¢, J., E. Jouini, S. Malamud, and C. Napp, 2011, “Financial Markets Equilibrium with
Heterogeneous Agents,” Review of Finance, 16.

Detemple, J. and S. Murthy, 1994, “Intertemporal Asset Pricing with Heterogeneous Beliefs,”
Journal of Economic Theory, 62, 294-320.

Dumas, B., 1989, “T'wo-Person Dynamic Equilibrium in the Capital Market,” Review of Financial
Studies, 2, 157-188.

Glaeser, E., 2013, “A Nation of Gamblers: Real Estate Speculation and American History,” Amer-
ican Economic Review: Papers and Proceedings, 103, 1-42.

He, H. and N. Pearson, 1991, “Consumption and Portfolio Policies with Incomplete Markets and

Short-Sale Constraints: The Infinite Dimensional Case,” Journal of Economic Theory, 54, 259—

60



304.

Karatzas, I. K. and S. E. Shreve, 1991, Brownian Motion and Stochastic Calculus. Springer-Verlag,
New York, 2nd edition.

Karatzas, 1., J. Lehoczky, S. Shreve, and G. Xu, 1991, “Martingale and Duality Methods for Utility
Maximization in an Incomplete Market,” SIAM Journal of Control and Optimization, 29, 702—
730.

Lee, J., T. Li, and M. Loewenstein, 2015, “Asset Pricing in a Large Economy,” working paper,
University of Maryland.

Li, T., 2007, “Heterogeneous Beliefs, Asset Prices, and Volatility in a Pure Exchange Economy,”
Journal of Economic Dynamics and Control, 31, 1697-1727.

Li, T., 2013, “Investors’ Heterogeneity and Implied Volatility Smiles,” Management Science, 59,
2392-2412.

Li, T. and M. Muzere, 2010, “Heterogeneity and Volatility Puzzles in International Finance,”
Journal of Financial and Quantitative Analysis, 45, 1485-1516.

Loewenstein, M., 2013, “Speculation and Leverage,” working paper, University of Maryland.

Panageas, S., 2005, “The Neoclassical Theory of Investment in Speculative Markets,” working
paper, University of Chicago.

Singleton, K., 2014, “Investor Flows and the 2008 Boom/Bust in Oil Prices,” Management Science,
60, 300-318.

Xiong, W. and H. Yan, 2010, “Heterogeneous Expectations and Bond Markets,” Review of Financial
Studies, 23, 1433 — 1466.

Yan, H., 2008, “Natural Selection in Financial Markets: Does It Work?” Management Science, 54,
1935-1950.

Zapatero, F., 1998, “Effects of Financial Innovations on Market Volatility when Beliefs Are Het-

erogeneous,” Journal of Economic Dynamics and Control, 22, 597-626.

61



